Theorems of Wilson, Fermat and Euler 

In this lecture we will see how to prove the famous “little theorem of Fermat”, not to be confused with 
Fermat’s Last Theorem. 

Theorem (Fermat’s little theorem). Let p be prime. Then: 

(i) for any integer a £ Z we have a p = a (mod p); 

(ii) for an integer a with ( a,p ) = 1 we have a p_1 = 1 (mod p). 

We will also see that the second statement is a special case of a more general theorem of Euler, which 
replaces the modulus p with an arbitrary modulus m, and the exponent p — 1 with ip(m). 

1 Fermat’s little theorem 

Our work is simplified somewhat by phrasing everything in terms of equalities among congruence classes in 
Z/rriZ, as opposed to congruences among integers. For example, we will endeavor to prove the following 
equivalent version of Fermat’s little theorem (FLiT). 

Theorem (Fermat’s little theorem). Let p be prime. 

(i) for any element a € ZfpZ we have a p = a; 

(ii) for any a £ ZfpZ with ct/0 we have a p ~ l = 1. 

(Recall our convention of writing a congruence class [a\ m £ Z /mZ simply as a, when the modulus is 
understood.) 

Example. Take p = 7 and let a = 3 £ ZflZ. We compute 

3 2 = 9=2 

3 3 = 3-2 = 6 = 

—4 — 

3 = -3 

3 5 = -9 = -2 

3 6 = -6 = T. 

Though FLiT is a special case of Euler’s Theorem, we will give proofs of both results separately. Our 
proof of FLiT makes use of the following famous result. 

Theorem (Wilson’s theorem). Let p be prime. Then 

v -1 

i = T ■ 2 ■ • • p^l = -T. 

i -1 

Equivalently, we have (p — 1)! = (—1) (mod p). 

Proof of Wilson’s theorem. We observe that each term a = i in our product is invertible in ZfpZ. Further¬ 
more, for each term a = i, its inverse a -1 is some other term in our product! We can thus pair each i with 
i , yielding i ■ i =1: that is, as long as i ^ i. Which elements a € Z/pZ satisfy a^ 1 = a? This would 
imply a 2 = 1. In the special case where p is prime, this implies that a = ±1. (Exercise!) 

Thus in the product *> each i can be paired with its inverse i , can thus cancelled out, except for 

1 and —1, which are their own inverses! The product thus reduces to 1 • (—1) = —1. □ 
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Example. Take p = 7. When we pair all the elements with their inverses in this way we get 

6 

IT = (1 • 6)(2 • 4)(3 • 5) 

i—1 

= 1 • (—1) = — 1 (mod 7). 

Proof of FLiT. We only prove (ii): that is, for a ^ 0, we have a p_1 = 1. 

• Our element a defines a function 

a - {1,2, ••• ,p- 1} —> {T, 2, • • • ,p- 1}, 

where i gets sent to a-i. Exercise: this is well-defined (if i ^ 0, then a-i ^ 0); in fact this is a bijection! 

• This means that the elements a ■ i range over all the elements of {1, 2, • • • ,p — 1} as we let i vary. 

• But then 

p— 1 p— 1 p— 1 

it= nr ■*)=« p_i n* 

i —1 i —1 i —1 

By Wilson’s Theorem, {{{(T, i = —1. We thus have —1 = a p-1 (—1); canceling the —T on both sides, 
we conclude that a p_1 = 1. 

□ 

Example. Take p = 7 and a = 3 again. Let’s see the argument in our proof in action. We have 

{3 -i: 1 < i < 6} = {3,6,2,5,T,4}. 

Then it is perfectly clear why nf=i * = IIi=i(3 ■ *); the RHS is simply a reordering of the LHS! 

Example. FLiT provides a nice shortcut for modular exponentiation, when the modulus is prime. Take 
p = 67. Let’s compute 2 135 mod 67. FLiT tells us that 2 66 = 1. We can write 135 = 66-2 + 3. Then 

2 135 — 2 66 2+3 
= (2 66 ) 2 2 3 
= 1-8 = 8 . 

From this we conclude that 2 135 mod 67 = 8. 

2 Euler’s theorem 

Note that Fermat’s little theorem only applies to the situation where our modulus p is prime. What can we 
say about powers of an element a € 'LfraL for an arbitrary modulus m? To answer this we must peer a 
little more closely into the structure of Z/mZ. 

Definition. Recall that a £ 'Ljm'L is invertible if there is a f3 £ Z/mZ such that a/3 = 1. The set of units 
of Z/mZ, denoted (Z/mZ)*, is the set of all invertible elements of Z/mZ: 

(Z/mZ)* := {a £ Z/mZ: a is invertible}. 

The Euler phi-function, tp: Z + -+ Z + , is defined as follows. Given m £ Z + , we set 

ip(m) := #(Z/mZ)*, 

the number of units of Z/mZ. 
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Example. Let m = 12. For an element a £ 'Ll YU to be invertible, we must have (a, 12) = 1. Thus we have 

(Z/12Z)* = {1,5,7,IT}, 


and y>(12) = #(Z/12Z)* = 4. 

Example. The example illustrates the more general fact that the invertible elements of Z/mZ come from 
the integers a £ {0,1,2,..., to — 1} such that (a, to) = 1. This implies that <p(m) = #{a £ {1,2 ,m — 
1}: (a, to.) = 1}. 

In particular, if p is prime, we see that ip(p) = p— 1, since all of the integers from 1 to p— 1 are relatively 
prime to p. Put another away, we see that ( L/pL )* = L/pL — {0}. 

We are now in a position to generalize FLiT. 

Theorem (Euler’s theorem). Given a modulus to and a £L with (a, to) = 1, we have a‘ p ( m ' > = 1 (mod to). 
Equivalently, given a £ (Z/toZ)* , we have = 1. 

Comment. We recover FLiT by taking to = p prime, since in this case ip(m) = ip(j>) = p — 1. 

Example. Take m = 12 = 2 2 • 3. Then ip(m) = 4, as we saw before. Then for any a £ L such that 2, 3 j a, 

we have a 4 = 1 (mod 12). For example, 2305 4 = 1 (mod 12). 

Proof. We prove that given a £ (Z/toZ)*, we have 1 = 1. 

• We write (Z/mZ)* = {/3 i,/? 2, • • • Thus the /% are the units of Z/mZ. 

• Define function a: (Z/toZ)* —> (Z/mZ)* by multiplication: /?* i—>- cr - /3*. Claims: this is indeed a 

function (if /?.; is a unit, then so is cc • /3j); in fact, it is a bijection!. 

• Then we have 

<p(m) ^( m ) l fi( rri ) 

n A = n« a=« v(m) n a- 

£=1 *=1 i—1 

Since ft i s a un it (a product of units is a unit!), we may cancel this on both sides of the above 

equation. We conclude = 1. 


□ 


Example. Let m = 48. Counting the least nonnegative residues relatively prime to 48, we see that <ft48) = 
16. This means a 16 = 1 (mod 48) for any a with 2,3 \ a. Let’s compute 5 14 ' mod 48. As above we can 
divide 147 by <p(48): 147 = 16-9 + 3. Then we have 

^147 _ -p 16-9+3 

0 — 0 

= (5 16 ) 9 • 5 3 

= 5 3 = 125 = 29. 

We conclude that 5 147 mod 48 = 29. 

Suppose (a, to) = 1. Euler’s theorem gives us a way of expressing the inverse of a modulo to as a power 
of a. Since a ■ = a= 1 (mod to), it follows that a lp ( rn ' > ~ 1 is the inverse of a modulo to. 

_ 1 _ 

Example. Take to = 48 as above. Then 5 = 5 . We can compute the latter quickly using modular 

_1 _15 _ 

exponentiation. This yields 5 = 5 = 29. 
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